Wave refraction, i.e. the bending of the path of a wave as it propagates in an inhomogeneous medium or at the interface between two different media, is ubiquitous in wave physics. Refraction arises from a change in the speed of the wave and is commonly observed for classical and quantum waves. In optics, refraction is caused by a change of the refractive index and is described quantitatively by Snell's Law. A sharp change of the refractive index is also responsible for wave reflection. While several methods are known to avoid wave reflection, such as the use of antireflection coatings [1, 2] , adiabatic index matching [3] [4] [5] [6] or specially-tailored index profiles [7] [8] [9] [10] [11] [12] , wave refraction seems unavoidable because of refractive index change. Material structuring can change light refraction, for example in negative-index media [13, 14] or in photonic crystals [15, 16] light can be forced to bend in the wrong way (negative refraction). However, omnidirectional refractionless propagation of light waves at a sharp or smooth interface separating two different continuous media is unlikely.
Wave refraction and reflection are not restricted to light propagation in continuous media; they are observed also when light behavior is discretized [17] , i.e. when transport arises from evanescent mode coupling in guiding structures. Discrete light propagation plays a crucial role in integrated classical and quantum photonics, where the flow of light can be manipulated in unprecedented ways [17] [18] [19] [20] . Like for continuous media, Snell's Law for reflection and refraction of light in discrete optical media can be derived [21] , and effects such as anomalous or negative refraction can be observed [22] [23] [24] . Reflection can be suppressed for both continuous and discrete light propagation. However, in a recent work [25] it has been shown that reflectionless propagation across potential barriers or defects can be realized in discrete optics under much less restricting conditions than those usually required in continuous media. A natural question than arises: can we cancel light refraction in discrete optics? In this Letter we show that, contrary to the common wisdom that considers refraction unavoidable between media with different refractive indices, omnidirectional refractionless propagation can be realized for discretized light at any arbitrarily-shaped and suitably tilted interface separating two homogeneous waveguide lattices with different effective indices. The refractionless effect is observed for a sufficiently high effective index mismatch and for an interface tilted at a suitable angle above the light cone of the lattice band. Refractionless propagation is possible owing to the discrete (rather than continuous) translational invariance of the lattice and disappears in the continuous limit. To highlight the major role of discrete versus continuous translational invariance in determining refractionless light propagation, let us first recall the phenomenon of light refraction at a sharp or smooth interface separating two continuous dielectric media with different refractive indices n 1 and n 2 [ Fig.1(a) ]. The refractive index n = n(X) varies along the X direction normal to the interface, with n(X) → n 1,2 as X → ±∞. We refer space to a coordinate system (x, y, z) such that the X axis lies in the (x, z) plane and is tilted with respect to the x axis, namely X = x + vz with v > 0; see Fig.1(a) . Note that, for v ≪ 1, v is the tilt angle of the interface with respect to the z axis. Clearly the problem of wave reflection and refraction at the interface does not depend on the tilt v of the interface, since a non vanishing value of v just corresponds to a shift of the angles of incident, reflected and transmitted waves from the reference z axis. However, as we will show below this is not the case of refraction and reflection for discretized light. Assuming TE-polarized waves at frequency ω, with the electric E-field parallel to the y axis, E = E y (x, z)u y , the E y amplitude satisfies the Helmholtz equation
where k 0 = ω/c 0 is the wave number in vacuum. For left-incidence side and above the critical angle (to avoid total internal reflection in case n 2 < n 1 ), an optical beam propagating at an angle θ i with the vertical z axis [ Fig.1(a) ] is refracted to the angle θ t given by the Snell's Law
For an adiabatic interface, wave reflection can be neglected and the beam is fully transmitted, whereas reflection is observed at a sharp interface when the refractive index n(X) changes on the spatial scale of the optical wavelength. To compare the different behavior of refraction in continuous versus discrete media, let us consider the limiting case of grazing incidence, a small tilt angle v and a small refractive index change, i.e. n(X) = n 1 + ∆n(X) with |∆n(X)| ≪ n 1 , which implies n 2 ≃ n 1 . After setting E y (x, z) = ψ(x, z) exp(ik 0 n 1 z) with ψ(x, z) slowly-varying with z over the spatial scale of the optical wavelength ∼ 1/k 0 , from Eq.(1) the paraxial optical wave equation is obtained
where we have seth ≡ 1/k 0 , m = n 1 ≃ n 2 and where
is the so-called optical potential. The paraxial wave equation (3) is formally analogous to the non-relativistic Schrödinger equation that describes one-dimensional scattering (reflection and transmission) of matter waves from a potential step V , provided that the spatial coordinate z is replaced with time [26] . Note that in the quantum mechanical problem a non vanishing value of interface tilt v corresponds to a drift of the potential step with a drift velocity v. The incidence and refracted angles θ i and θ t are related to the particle momentum in the x + vz → −∞ and x + vz → ∞ spatial regions, and can be obtained from the Snell's Law (2) in the small angle limit. Quantum mechanically, the Snell's Law of refraction corresponds to conservation of the total particle energy after being transmitted across the potential step in a moving reference frame where the potential appears at rest. The fact that wave refraction does not depend on the tilt v of the interface, i.e. on the drift velocity of the potential step, is basically related to the Galilean invariance of the non-relativistic Schrödinger equation [27] . In the moving reference frame
where the potential is at rest, the Schrödinger equation (3) acquires an additional drift term ∼ v(∂ψ/∂X), which however can be removed after a gauge transformation. This is possible because of the parabolic shape of the energy-momentum dispersion relation of plane waves for non-relativistic particles.
A completely different scenario is found when considering refraction of discretized light in a waveguide lattice with a potential step [ Fig.1(b) ], which is described by a discrete version of the Schrödinger equation. As discussed in recent works [25, 28] , the discrete Schrödinger equation with a sinusoidal (rather than parabolic) energy dispersion relation is not invariant under a Galilean transformation. Therefore the refraction properties of discretized light are expected to be deeply modified by the drift velocity v, i.e. by the interface tilt.
We consider a linear array of waveguides equally spaced by the distance a along the x-axis. The propagation constant β (i.e. effective mode index) of waveguides is assumed to vary across the array to describe a tilted potential step, taking the two asymptotic values β 1 and β 2 as X → ±∞ [ Fig.1(b) ]. Let us indicate by c n (z) the modal amplitude of light trapped in the n − th waveguide of the array (n = 0, ±1, ±2, ...) at the propagation distance z, and let ψ(x, z) be a complex amplitude of continuous variables x and z such that c n (z) = ψ(x = na, z). In the nearest-neighbor and tight-binding approximations, the evolution equation of the amplitude ψ(x, z) is described by the discrete Schrödinger equation [17-19, 25, 26 ]
where κ is the coupling constant between adjacent Multiple refraction and reflection can occur in the latter case. In (a) refraction is unavoidable unless n2 = n1, whereas in (b) omnidirectional refractionless propagation is possible for β2 = β1. The inset in (b) shows that light waves in adjacent waveguides n and (n + 1) acquire a longitudinal phase difference ∆φ = (β2 − β1)δ while crossing the interface, from plane γ1 to plane γ2, where δ = a/v. Refractionless propagation is found when ∆φ is an integer multiple than 2π.
waveguides and β = β(x + vz) is the propagation constant, which describes a tilted potential step (either sharp or smooth); see Fig.1(b) . For a straight interface (v = 0), discrete refraction and the discrete version of the Snell's Law, previously studied in Ref. [21] , can be readily determined by considering the lattice dispersion bands for Bloch waves ψ(x, z) ∼ exp[iqx − iE(q)z] in the two asymptotic and spatially-homogenous regions x → ±∞ of the array, which are given by E(q) = E 1 (q) = −2κ cos(qa) + β 1 for x → −∞ and E(q) = E 2 (q) = −2κ cos(qa)+β 2 for x → ∞. The two dispersion curves are the same but displaced by the amount β 2 −β 1 . To observe discrete refraction in the v = 0 case, the two bands should be partially overlapped, i.e. the constraint |β 2 − β 1 | < 4κ should be satisfied, otherwise the discrete analogue of total internal reflection (Bragg scattering) is observed for any incident wave packet. For left incidence side, we consider an incident wave packet with carrier Bloch wave number q 1 (0 < q 1 < π/a), which propagates transversely along the array with the group velocity Bloch wave number q cos(q 2 a) = cos(q 1 a) + (β 2 − β 1 )/(2κ).
with the constraint sin(q 2 a) > 0 [ Fig.2(a) ]. The transmitted wave packet propagates with the transverse group velocity v g2 = (∂E 2 /∂q) q=q2 = 2aκ sin(q 2 a), which is generally different than v g1 , yielding a bending of the transmitted beam (discrete refraction [21] ). Besides refraction, a reflected wave packet is observed for a sharp potential step. An example of discrete refraction for v = 0 at a sharp potential step [β(X) = β 1 for X < 0 and β(X) = β 2 for X > 0] is shown in Fig.3(a) . The figure depicts the numerically-computed evolution, along the spatial propagation distance z, of a broad and Gaussianshaped discretized beam with carrier Bloch wave number q 1 = π/(2a). Clearly, the refracted beam is bent after crossing the potential step according to the discrete version of the Snell's Law. The refraction/reflection problem of the continuous Schrödinger equation discussed above is obtained from the discrete Schrödinger equation (5) by assuming that ψ(x, z) and β(x, z) vary slowly with x over the spatial scale of the lattice period a and provided that |β 2 − β 1 | ≪ 2κ. In this limiting case the difference ψ(x + a) + ψ(x − a) can be approximated by the second-order derivative ψ(x + a) + ψ(x − a) ≃ 2ψ(x, z)+a 2 (∂ 2 ψ/∂x 2 ), and Eq.(5) takes the form of the continuous Schrödinger equation (3) . Note that in such a limiting case the discrete translational invariance of the lattice and associated Bragg reflection at the Brillouin zone edges are lost since the sinusoidal dispersion relation of the lattice band is approximated by the parabolic dispersion curve near the bottom of the band. Therefore, to observe refractionless propagation in the lattice we should operate in a regime where the discrete translational invariance of the lattice is kept and refraction is sensitive to the transverse tilt v of the interface potential. We are now going to prove the following property: provided that the condition
is met, i.e. for a sufficiently high potential step, omnidirectional refractionless propagation of discretized light across an arbitrarily shaped interface is observed for a tilt v satisfying the condition
Such a general result can be demonstrated by considering the refraction problem for the discrete Schrödinger equation in the tilted reference frame (X, Z) defined by Eq. (4), where the potential step becomes Z-invariant and Eq. (5) takes the form
(9) Contrary to the continuous Schrödinger equation, the drift term ∼ v(∂ψ/∂X) on the right hand side of Eq. (9) can not be removed by a gauge transformation [25, 28] , and like for reflection [25] we expect the refraction problem to be sensitive to the tilt v. In the (X, Z) reference frame, a discretized optical wave with carrier wave number q 1 on the left side of the interface has an effective propagation constant E = E 1 (q = q 1 ), where E 1 (q) = −2κ cos(qa) + vq + β 1 is the lattice dispersion curve for the homogeneous array at the left side of the interface [25] . The group velocity of the beam is given by v g1 = (∂E 1 /∂q) q=q1 = 2κa sin(q 1 a) + v with v g1 > 0. Owing to conservation of the effective propagation constant, the transmitted (refracted) propagative wave on the right hand side of the interface has a shifted Bloch wave number q 2 satisfying the condition E 2 (q 2 ) = E 1 (q 1 ), where E 2 (q) = −2κ cos(qa) + vq + β 2 is the lattice dispersion curve for the homogeneous array at the right side of the interface. Hence q 2 is found as the real-valued root of the equation
The group velocity of the refracted wave is given by v g2 = (∂E 2 /∂q) q=q2 = 2κa sin(q 2 a) + v, and hence the acceptable solutions to Eq.(10) are those with v g2 > 0. The real-valued roots of the transcendental equation (10) can be readily determined by the geometric construction shown in Fig.2 . Clearly, for small values of v, there exist more than one solutions q 2 to Eq.(10) with different and positive group velocities v g2 [ Fig.2(b) ]: this means that the refracted wave breaks into two (or more) wave packets, i.e. double (or multiple) refraction is found. Such a result is confirmed by direct numerical simulations of coupled-mode equations in the waveguide lattice with a sharp and slightly-tilted potential step [ Fig.3(b) ]. Note that multiple refraction arises here from interfacing two different waveguide lattices in the single-band approximation, and therefore it is rather distinct than beam breakup and multiple refraction observed in a homogeneous lattice (i.e. without any interface) when several lattice bands are excited [29] . As the tilt v is increased above the critical value v c = 2κa, i.e. above the light cone defined by the lattice band dispersion relation [25] , a single solution to Eq.(10) with positive group velocity does exist, i.e. double (or multiple) refraction is prevented. In this regime also reflection is prevented [25] . Omnidirectional refractionless propagation is found provided that v g2 = v g1 for an arbitrary value of the Bloch wave number q 1 of the incoming wave. This requirement is readily satisfied whenever q 2 differs from q 1 by integer multiplies than 2π/a. Using Eq.(10) with q 2 = q 1 ±2πN/a one then obtains the simple condition v = |β 2 − β 1 |a/(2πN ) for the tilt, where N is a positive integer. The largest tilt v is obtained by taking N = 1, which thus yields Eq. (8) .
To avoid the appearance of other refracted wave packets, we should require v ≥ v c , which provides a lower limit for the height of the potential step given by Eq. (7). We remark that the refractionless property, stated by Eqs. (7) and (8), is valid for an arbitrary shape (sharp or smooth) of the potential step β(X). A simple physical explanation of the condition (8) can be gained in the limiting case of a sharp potential step by considering the phase delay between light waves in adjacent waveguides when they cross the interface, as illustrated in the inset of Fig.1(b) . Owing to the difference in the propagation constants β 1 and β 2 , the light waves in the two waveguides crossing the interface acquire, from plane γ 1 to plane γ 2 , different optical phases, with a resulting phase delay ∆φ = (β 2 − β 1 )δ, where δ = a/v is the distance between planes γ 1 and γ 2 . Such a phase delay is basically equivalent to a change of the Bloch wave number q (from q 1 to q 2 ), which is responsible for refraction. However, provided that ∆φ is a multiple of 2π, i.e. ∆φ = 2πN , refraction is cancelled. For N = 1, one obtains Eq. (8) . The constraint imposed by Eq. (7) can be qualitatively understood by observing that the above explanation holds provided that coupling between adjacent waveguides remains negligible over the propagation distance δ, i.e. δ = a/v should be much smaller than the coupling length ∼ π/κ. Since v = |β 2 − β 1 |a/(2π), negligible coupling requires |β 2 − β 1 | ≫ 2κ. We checked the occurrence of refractionless propagation in a waveguide lattice with a tilted refractive index step by numerical simulations of coupled-mode equations. Figure 4 , left panels, shows an example of refractionless propagation of a discretized Gaussian beam across a tilted interface for a few increasing values of the incidence angle, i.e. Bloch wave number q 1 . A sharp stepindex profile, satisfying the constraint (7), is assumed (β 1 − β 2 = 4πκ), and the tilt angle v of the interface is set according to Eq. (8) (v = 2aκ) . Clearly, regardless of the incidence angle, the transmitted beam is not bent, i.e. omnidirectional refractionless propagation across the index step is observed. For comparison, the right panels in Fig.4 show the numerically-computed beam propagation for the 'wrong' tilt v = 2.4κa: while the tilt v is larger than the critical value v c = 2κa and thus multiple refraction is avoided, the refracted beam propagates at a different inclination angle, i.e. refraction is not suppressed. Finally, it should be noted that, if condition (8) for the tilt is satisfied but Eq. (7) is not, one generally observes multiple refraction, with only one transmitted beam being not deviated; see Fig.3(b) . 2 + inq1a} and q1a = π/2. The bold dashed lines depict the interface of the sharp index step ( β = β1 and β = β2 on the left and right sides of the lines, respectively). In case of a straight interface [panel (a)] there is only one refracted and one reflected beam. In (b) (tilted interface) the condition (8) is satisfied, however since the tilt v is smaller than the critical value vc = 2κa double refraction is found: while refracted beam 1 is not bent, the other refracted beam 2 is bent.
In conclusion, refraction is a universal phenomenon observed when light crosses the boundary of dielectric media with different optical density. It is at the heart of important effects, such as light focusing, lensing, guiding and bending. In effectively continuous media, refraction can be engineered by material structuring, and can be even reversed like in negative-index metamaterials. However, a common belief is that refraction is unavoidable unless equal effective indices are realized. Here we have shown that, contrary to such a common wisdom, omnidirectional refractionless propagation can be achieved when light behavior is discretized [17] . Our results shed new light into an old phenomenon of optics for a form of light transport that is becoming of great relevance in integrated classical and quantum photonics [17] [18] [19] [20] .
The author acknowledges hospitality at the IFISC (CSIC-UIB). 2 + inq1a}. Right panels: same as left panels, but for a different tilt of the interface (v = 2.4κa). Note that, since in both left and right panels the tilt v is equal or larger than the critical drift vc = 2κa, there is not any reflection [25] .
